We study the Casimir interaction between two impurities in a weakly interacting one-dimensional Bose gas. We develop a theory based on the Gross-Pitaevskii equation that accounts for the effect of quantum fluctuations. At small separations, the interaction decays exponentially, while at larger distances it crosses over into a power law dependence due to quantum fluctuations. We find an analytic expression for the interaction that interpolates between the two limiting behaviors. The obtained result does not require any regularization.
In the most basic formulation, the Casimir effect is a macroscopic quantum phenomenon that manifests as the attraction between two large uncharged conducting plates that are placed in a vacuum [1] . Despite early pioneering experiments, reviewed in Ref. [2] , the accurate experimental confirmation of the Casimir prediction was achieved relatively recently [3, 4] . Nowadays, the Casimir effect has become a multidisciplinary subject at the forefronts of many fields of modern physics, which includes gravitation, string theory, nanotechnology, and Bose-Einstein condensates [2] . The Casimir effect is a fluctuation-induced phenomenon. It denotes the interaction between external objects that are immersed in a fluctuating medium. Such objects impose constraints on otherwise free quantum fluctuations. As a result, the ground state energy of the system becomes modified giving rise to the Casimir interaction. It depends on the details of the correlations of fluctuations in the medium, which determine the interaction law [2, 5] . In the case of long-range correlations, the Casimir interaction is also expected to have a long-range nature.
The induced interaction between foreign particles, or impurities, embedded in a quantum liquid was studied in numerous works [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . In particular, the one-dimensional liquid of repulsively interacting bosons was considered in Refs. [9, 10, 13, 14, 16] . In such a superfluid medium, a shortrange attraction that decays exponentially beyond the healing length ξ was found in Refs. [9, 10, 14] . However, although the one-dimensional superfluid possesses long-range correlations, the long-range Casimir interaction was not found in these works. Only recently, Schecter and Kamenev [13] have found the long-range interaction. At large distances between the impurities, it scales as 1/ 3 . In the opposite limit → 0, they found the contact interaction.
The divergence of these results can be partly explained by the employment of different approaches having their own shortcomings. The exponential decay [9, 10, 14] was obtained using the microscopic approach based on the GrossPitaevskii equation. Such mean-field method does not account for the effect of quantum fluctuations, which is necessary to describe the long-range Casimir interaction. On the other hand, Ref. [13] uses a mobile impurity formalism within the framework of the Luttinger liquid theory. Such phenomenological approach has its own complementary limitations. It properly describes the low energy physics where the quasiparticle spectrum can be approximated by the linear one. Thus Schecter and Kamenev [13] were able to describe the Casimir interaction only at very large distances, ξ. The contact interaction between impurities obtained in Ref. [13] is an artifact of the above-mentioned limitation.
An impurity that interacts repulsively with the particles of the liquid produces the depletion of the liquid density. Such effect occurs locally and its spatial extent is set by the healing length ξ. In the presence of two impurities, it becomes energetically more favorable that the two depletion regions overlap. Hence there is an induced attraction between the impurities at small distances, < ∼ ξ. At separations above ξ, the two depletion clouds practically do not overlap and thus do not interact within such a classical picture. However, as a consequence of (quasi-)long-range correlations of fluctuations in the liquid, the two depletion regions indeed feel each other. This mechanism produces the long-range Casimir interaction between the impurities. Such contribution can be seen as a quantum fluctuation correction to the classical contribution that prevails at small distances. The described scenario is common in other physical problems. For example, the domain walls (solitons) in the system of atoms adsorbed on a periodic substrate interact exponentially at small separations. Due to entropic effects, this dependence crosses over into a long-range power law once one accounts for the effect of thermal fluctuations [17] . Similarly, solitons in weak-coupling quantum field theories, e.g., sine-Gordon or φ 4 , exhibit the exponential interaction at the saddle-point level [18] , while one would expect a power-law interaction once one accounts for the effect of fluctuations.
In this work, we consider the Casimir effect in a onedimensional Bose liquid. We develop the consistent microscopic approach that overcomes the above explained shortcomings present in other studies [9, 10, 13, 14] . Within our description we are able to simultaneously treat the nonlinear spectrum of quasiparticles and the effect of quantum fluctuations. We find the analytical expression for the effective impurity interaction valid at an arbitrary distance:
Here, m is the mass of bosonic particles, while G denotes the coupling strength of the impurities to the bosonic subsystem. The small dimensionless parameter γ 1 characterizes the interaction between bosons. The distance between impurities is and ξ = 1/n √ γ denotes the healing length at weak interaction. Here n is the density of bosons.
is the monotonically increasing function. It has the limiting behavior J(0) = ln( √ 32 − 4) and J(z) = ln z at large z. At small distances, < ∼ ξ, the dominant part of the interaction (1) is given by the exponential
This is a classical result that could be understood using the mean-field Gross-Pitaevskii equation [9, 10, 14] . Our expression (1) contains the quantum correction to Eq. (2). It is off by a factor √ γ and one would naively think that it is always subleading. However, the exponential contribution (2) becomes negligible at large distances and therefore the quantum correction prevails in this regime. At large distances, ξ, the second line in Eq. (1) dominates and yields
We have thus obtained the long-range Casimir attraction that scales with the third power of the inverse distance. The leading order term in Eq. (3) is in full agreement with Ref. [13] . However, our result (1) describes the effective interaction in the whole crossover region between the two limiting cases of small and large , as shown in Fig. 1 . We eventually note that unlike some other approaches and setups where the Casimir effect was studied [2] , our formalism properly accounts for the physics essentially at all energy scales and hence the final formula (1) does not require regularization. Equation (1) is our main result. In the reminder of the paper we derive it. We study the system of one-dimensional bosons with contact repulsion in the presence of two impurities. It is described by the Hamiltonian
whereΨ † andΨ are the bosonic single-particle operators that satisfy the standard commutation relation
The repulsion between the bosons has the strength g which enters the dimensionless parameter γ = mg/ 2 n. The two impurities at positions ± /2 locally couple to the density of the Bose liquid with the strength G. At G = 0, the Hamiltonian (4) corresponds to the integrable Lieb-Liniger model [19] .
Our goal is to compute analytically the dependence of the ground-state energy of the Hamiltonian (4) on the impurity separation and hence find the induced interaction between the impurities. For convenience, in the following we use dimensionless quantities. The length is measured in units of / √ mµ and the time in units of /µ, where µ denotes the chemical potential. We express the field operator asΨ(x, t) = µ/gψ(X, T ) e −iT , where X and T are the dimensionless coordinate and time, respectively. Then, the equation of motion becomes
where L is the dimensionless distance between impurities and G = µ/m G. In the case of weakly interacting bosons, the field operator can be expanded as [20, 21] 
1 is a small parameter. The field ψ 0 (X) describes the time independent condensate wave function in the absence of fluctuations. The operatorsψ 1,2 (X, T ) describe the effects quantum fluctuations above ψ 0 (X). We now solve Eq. (5) order by order in α.
The condensate wave function ψ 0 (X) is obtained by solving the equation of motion (5) at order α 0 . It reads as
and is known as the Gross-Pitaevskii equation. In the case of the homogeneous Bose gas (i.e., without impurities), the condensate density is constant, |ψ 0 (X)| 2 = 1. If weak repulsive impurities are added into the Bose gas, a depletion of the condensate occurs in the vicinity of the impurities. However, far from the impurities such disturbance is not visible, lim X→±∞ |ψ 0 (X)| = 1.
We first find the solutions for ψ 0 (X) in the case of G = 0 in the three regions: X < −L/2, |X| < L/2, and X > L/2. We then match them such that the overall solution is continuous ψ 0 (±L/2 + ) = ψ 0 (±L/2 − ) but its derivative is dis-
Here the prime denotes the derivative with respect to X and f (X ± ) = lim ε→0 + f (X ± ε). Since the system is invariant with respect to the inversion, X → −X, the density also possesses this symmetry. We find that the solution with vanishing supercurrent at infinity satisfies
, while the argument of the complex wave function is a constant. Since the solution of the Gross-Pitaevskii equation is undetermined up to a phase factor, the argument of ψ 0 (X) is set to zero for simplicity. By cd(x, y) we denote the Jacobi elliptic function, while a and b are the parameters to be determined from constraints on the continuity of the function and the discontinuity of its derivative at impurity positions. In the following we consider weakly coupled impurities, G 1. For G → 0, the wave function has to satisfy |ψ 0 (X)| 2 = 1. The latter is achieved by the choice b = ∞ and a = 1. The expansion in G of a and b around these values is given by
to linear order in G we obtain
Equation (7) is the wave function of the condensate where the fluctuations are neglected. It leads to the result (2), as we explain below. Now we consider the effect of fluctuations represented by the field operatorψ 1 . Its equation of motion is obtained from Eq. (5) at order α and reads as i∂ Tψ1 
We look forψ 1 (X, T ) in the form of a superposition of excitations of energy k [20] 
where N k is a normalization factor. The bosonic operators
We will first solve the equation forψ 1 without the δ-potentials. We will then take them into account through the boundary conditions u k (±L/2 + ) = u k (±L/2 − ) and u k (±L/2 + ) = u k (±L/2 − ) + 2 Gu k (±L/2). The same two constraints are to be imposed to v k . Here the prime denotes the derivative with respect to X.
Substituting Eq. (8) into the equation forψ 1 without the δ-potentials, we obtain a system of two coupled equations for u k and v k known as the Bogoliubov-de Gennes equations. The system can be simplified by introducing the functions
After some algebra we obtain:
Once one determines the function S, the solution for D follows directly from the latter equation.
It is instructive to first solve the Bogoliubov-de Gennes equations in the case of a homogeneous condensate, ψ 0 (X) = 1. We assume a solution in the form S(k, X) = e ikX and obtain that k satisfies the Bogoliubov dispersion relation show the exponential behavior. The general solution for S in the case G = 0 is a linear combination of these four solutions. In the presence of two impurities, the background density ψ 2 0 (X) is X-dependent [see Eq. (7)]. We assume a solution in the form S(k, X) = f (k, X, G)e ikX , where f (k, X, G → 0) = 1, and find four linearly independent solutions. To linear order inG, the Bogoliubov dispersion remains unchanged and the solutions read as
where n ∈ {1, 2, 3, 4}. Using Eq. (9) and the Bogoliubov-de Gennes equation, one can easily generate the corresponding D n functions.
It remains to account for the two δ-potentials in the equation forψ 1 . The general solution for S(k, X) is a linear combination of the four solutions (9) . The coefficients will be determined from the boundary conditions. There are formally two scattering situations to be considered: one with an incoming wave (i) from X = −∞ with a positive wave number, and the other with a wave (ii) from X = +∞ with a negative wave number. Since the impurities are static, the two problems are related and one needs to analyze only one of them. For ex-ample, knowing the result S(k, X) for the problem (i), the solution for the problem (ii) is given by S(k, −X). We can use this fact to define solutions for negative wave numbers as S(−k, X) = S(k, −X), where k is assumed to be positive. The general solution for a positive wave number k > 0 takes the following form
where we excluded the exponentially diverging solutions for |X| > L/2. However, there are "bound states" around impurity positions described by the exponential solutions (S 3 and S 4 ). The general solution for D(k, X) satisfies also Eq. (10) where the functions S n are replaced with D n . In Eq. (10), l 1 , . . . , l 8 are eight parameters to be determined by imposing the continuity of the function S(k, ±L/2 − ) = S(k, ±L/2 + ), by the discontinuity of its derivative
at impurity positions and the equivalent conditions for D(k, X). To linear order in G, we find :
4+k 2 L/2 . Now we can calculate the normalization factor N k by requiring that [20] In what follows, we are interested only in the real part of the expectation value ψ 2 , since it enters the effective interaction between the impurities at order G 2 . Introducing the notation ψ 2 = Re ψ 2 , the equation of motion becomes Lψ 2 (X) = f (X), where we define the operator
We point out that the latter sum requires a small-k cutoff, since the summand is divergent for k → 0. However, we emphasize that the final expression for the effective impurity interaction is cutoff independent, as we demonstrate below. The solution for ψ 2 can be expressed as
where G is the Green's function of the operator L and satisfies LG(X, Y ) = δ(X − Y ). Since the source function f can be expanded in powers of G as f (X) = f 0 (X) + Gf 1 (X) + O( G 2 ), we assume that the Green's function can also be expanded in powers of G as
at order G. It remains to determine G 0 and
We solve this equation and find
where (L → −L) denotes that the previous terms should be evaluated with this replacement. Using Eq. (11) one can now find ψ 2 .
Having determined ψ 0 ,ψ 1 and ψ 2 , we are ready to evaluate the impurity interaction mediated by the Bose gas. At second order in G, the effective interaction can be expressed as U = µ α 2 G ψ †ψ | X=L/2 − lim L→∞ ψ †ψ | X=L/2 . We used the symmetry of the system under the transformation X → −X, in order to consider the local density of bosons at the position of only one impurity. Using the perturbative expansion (6), we write the effective interaction as
. We point out that both contributions in U 2 (L) separately diverge. This signals that long wavelength fluctuations destroy the condensate in one dimension. However, their sum is finite and no cutoff is needed. Finally, it remains to express the chemical potential µ in terms of the boson density. This can be done by inverting the dependence n(µ) = µ dX[ψ The induced impurity interaction (1) is quadratic in G and thus independent of the sign of coupling of the impurities to the liquid. It shows how the classical exponential interaction (2) crosses over into the Casimir long-range interaction (3) as the impurity separation increases. We notice that the full form of Eq. (1) applies to all distances below ξγ −1/4 , which is huge for weakly interacting bosons. This limitation arises due to the change of the quasiparticle dispersion at very low momenta where the Bogoliubov spectrum ceases to be valid [22] [23] [24] . However, its leading linear term properly describes the quasiparticles at small momenta. Therefore, the limiting case of Eq. (1) given by the dominant term in Eq. (3) holds even at → ∞. We notice that the result (1) can be also obtained using a complementary field-theoretical approach based on the path integral [25] .
To conclude, we have studied the Casimir effect in a onedimensional Bose gas and found the analytic expression (1) for the induced impurity interaction that is valid practically at all distances in the weakly-interacting case. In the view of rapidly growing experimental interest in ultracold gases, it is realistic that our result could be tested in the near future.
We thank K. Matveev for useful discussions in the initial stage of this project.
